
S-GAP SHIFTS

Advisor: Liz Sattler
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Description: Symbolic dynamics is the study of infinite (or bi-infinite) strings from a finite alphabet.
For our purposes, let’s assume A = {0, 1} is the finite alphabet, and consider the collection of all possible
infinite strings of 0’s and 1’s, i.e.

X = {. . . ω−1ω0ω1 . . . : ωi ∈ A for i ∈ Z}.
This space behaves very differently from other more familiar spaces, such as Rn. How can one define a
distance between two infinite strings? What do open sets look like? Given a subset of X, how “big” is
the set? What types of functions f : X → X exist?

One of the most popular maps on such a space is the shift map, σ : X → X defined by

σ(. . . ω−1.ω0ω1 . . .) = . . . ω0.ω1ω2 . . . ,

for any ω = . . . ω−1.ω0ω1 . . . ∈ X (here, the decimal is a place marker). The popularity of the shift map is
in part due to the fact that it helps form nice subsets of X, called subshifts. Let’s consider one particular
class of subshifts, the S-gap shifts.

Let S ⊂ {0, 1, 2, . . .} and consider all bi-infinite sequences of letters from {0, 1} such that any two
consecutive 1’s are separated by n 0’s, for some n ∈ S. More formally, fix a subset S of non-negative
integers, and let

X(S) = {. . . 10n−110n010n11 . . . : ni ∈ S for i ∈ Z}.
In order to satisfy the conditions necessary to be a subshift, we must also include all sequences that

begin or end with infinitely many 0’s (a technicality we will discuss in detail in this project). The set
X(S) is called an S-gap shift. Notice that for every ω ∈ X(S), it must also be true that σ(ω) ∈ X(S).
This is the key feature of subshifts. For the sake of clarity, let’s consider the following example.

Example: Let S = {0, 2, 4, 6, . . . , 2n, . . .} be the collection of all non-negative even integers.

• Some points in X(S): . . . 100100001001 . . . , . . . 1111100000011 . . .
• Some points in X, but not in X(S): . . . 10100101 . . ., . . . 111101111 . . .

All points in X(S) satisfy the property that any consecutive pair of 1’s is separated by an even number of
0’s. Notice that by taking a point in X(S) and applying the shift map, it will still satisfy this property!

There are many other questions to ask about subshifts regarding the dynamics of the system. Is the
shift map continuous? Does the system have periodic points and non-periodic points? How many points,
if any, have a dense orbit with respect to the shift map?

Outline for this project:

• begin with a thorough study of the full-shift space (X,σ), the collection of all bi-infinite strings
of 0’s and 1’s with the shift map acting on it,
• focus on certain classes of subshifts, including subshifts of finite type (those that can be defined

by a finite list of “forbidden” words), sofic subshifts (those that can be represented by a labeled
graph on finitely many vertices), and finally, S-gap shifts,
• examine properties of these shift spaces, including conjugacy (how closely related are two distinct

subshifts) and entropy (a measurement of the complexity of the shift),
• the students will be expected to creatively define subshifts similar to an S-gap shift, and determine

if the new subshift fits into any of the categories mentioned above.
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