
Combinatorics of Symmetric Functions

Supervisor: Eric Egge

Terms: Winter and Spring of 2018-19

Prerequisite: Previous experience with permutations, partitions, and generating functions. Math
333 (Combinatorial Theory), which is offered in the fall, will be sufficient. However, you could
also gain this experience by taking certain courses in Budapest, in an REU, or by doing some
supervised independent reading. This project will also involve some occasional computer work, so
comfort learning how to use a program like Mathematica or SAGE will be important. However,
you do not need to have any previous programming experience.

Short Description: We will read a book I’ve written on the combinatorics of symmetric functions,
and you will teach me the subject. If there’s time and interest, then we might also work on some
open problems.

Longer Description: A symmetric polynomial is a polynomial in variables x1, . . . , xn which is
unchanged under every permutation of x1, . . . , xn. For example, if we swap the variables x2 and x3 in
the polynomial x1x2+x2x3 then we get x1x3+x2x3. Since this is a different polynomial, x1x2+x2x3
is not a symmetric polynomial. As another example, consider the polynomial x1x3 + 3x1x2x3. If
we swap the variables x1 and x3 then we get the same polynomial. But if we swap x2 and x3 we
get a different polynomial, so x1x3 + 3x1x2x3 is also not a symmetric polynomial. On the other
hand, if our variables are x1, x2, x3, then 2x1 + 2x2 + 2x3 + 5x1x2 + 5x2x3 + 5x1x3 is a symmetric
polynomial, because it is unchanged by every permutation of x1, x2, x3.

The set of symmetric polynomials in x1, . . . , xn forms a vector space, so there are lots of linear
algebraic questions we can ask about them. For example, we might want to find a nice basis
for this space. Remarkably, many linear algebraic questions about symmetric polynomials have
combinatorial answers. For example, there is a combinatorial way to use a partition to construct a
symmetric function. To do this, start with the Ferrers diagram of the partition. If your variables
are x1, x2, x3, then put a 1, 2, or 3 in each box of the diagram so that the entries in each column
are strictly increasing from top to bottom, and weakly increasing from left to right. Here are all of
the diagrams you get for the partition 2, 1.

2 2 2 3 3 3 3 3

1 1 1 1 1 1 2 21 2 3 1 2 3 2 3

For each diagram we get one term, which is a product of our variables. Each box contributes a
factor to this product, according to its entry. For example, the leftmost diagram above has two 1s
and a 2, so it contributes x21x2. We get our polynomial by adding these terms. In our example, this
polynomial is x21x2 + x1x
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2 + 2x1x2x3 + x21x3 + x1x

2
3 + x22x3 + x2x

2
3. Although it is not obvious, this

construction always produces a symmetric polynomial, these symmetric polynomials are linearly
independent, and they form a basis for the space of all symmetric polynomials.

Just about every algebraic thing you can do with symmetric polynomials (and there are lots
of these kinds of things) is most easily done using partitions and permutations. In other words,
there is a lot of fascinating combinatorics of partitions and permutations associated with symmetric
polynomials. Over the summer I will be finishing a book about the combinatorics of symmetric
functions, and in this project you will read this book, and use it to teach me the subject. We



will meet once or twice a week, and until we reach the end of the book, at each meeting you will
give a presentation on the next material in the book. When we reach the end of the book (and I
think we will), then we will look at some more advanced topics in the area, possibly including some
open problems, and/or connections with invariants of knots, and/or connections with dynamical
systems.
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